
  
Abstract—The problem of steady axisymmetric forced 

convection boundary layer flow past a horizontal circular cylinder 
placed in porous medium filled with copper (Cu) – water, alumina 
(Al2O3) – water and titania (TiO2) – water nanofluid has been 
studied numerically in this paper. The system of partial differential 
equations is transformed into ordinary differential equations using 
appropriate transformations and then solved numerically using 
shooting method through shootlib function from maple software. 
Numerical results are obtained for the local Nusselt number as well 
as for the temperature profiles for some values of the governing 
parameters, namely, the nanoparticle volume fraction parameter φ   
and the curvature parameter γ . It is shown that the presence of 
nanoparticle in the base fluid would increase the heat transfer 
characteristics. It is also found that heat transfer characteristics 
increase with increasing nanoparticle volume fraction and curvature 
parameters.   
 

Keywords—Forced convection, horizontal circular cylinder, 
nanofluid, porous medium.  

I. INTRODUCTION 
ONVECTIVE flow in fluid-saturated porous media has 
been extensively studied due to a wide range of 

geophysical and engineering applications including 
geothermal energy extraction, ground water resource 
management, building thermal insulation, enhanced oil 
recovery, nuclear waste disposal, metal casting (alloy 
solidification), grain storage, and heat transfer in electronic 
equipment, among many others. An enormous literature 
review on this subject can be found in the recent books by [1] 
and [2]. The problem of forced convection boundary layer 
flow of regular fluids past a cylinder embedded in a porous 
medium was previously studied in different ways. 
Representative studies can be found in by [3], [4] and [5]. In 
contrast, there is still no study extended the mentioned 
problem to the nanofluids.  
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 Meanwhile, nanofluids itself was first introduced by [6] in 
order to develop advanced heat transfer fluids with 
substantially higher conductivities. The resulting mixture of 
nanoparticles and the base fluid possess unique physical and 
chemical properties which can enhance the phenomenon of 
heat transfer. Recently, nanofluids have the application in the 
gas and oil industries whereas nanoparticles in nanofluids can 
flow through permeable media, thus improve oil recovery. 
Nanofluids also can be used for improving oil recovery 
particularly for viscous oils where usually a fluid such as 
water is injected into the porous medium to displace the oil, as 
the viscosity of water is often less than the oil. However, 
increasing the viscosity of the injected fluid for example by 
using nanofluids would significantly increase the recovery 
efficiency [7].  

The nanoparticles used in nanofluids are typically made of 
metals (Al, Cu), oxides (Al2O3, TiO2 and CuO), nitrides 
(AIN, SiN) or nonmetals (graphite, carbon nanotubes) and the 
base fluid is usually a conductive fluid, such as water, 
ethylene glycol or engine oil (see [8] and [9]). The thermal 
conductivity enhancement of nanofluids is shown by [10] to 
be depended on the volume fraction of the suspended particles 
and the thermal conductivities of the particles and base fluids. 
There are many studies on the mechanism behind the 
enhanced heat transfer characteristics utilising nanofluids and 
they may be found in [11] – [20]. However, none of these 
studies in nanofluid so far, considered the problem of forced 
convection boundary layer flow past a horizontal circular 
cylinder embedded in a porous medium. 

Therefore, in this paper, we try to make an attempt to 
investigate theoretically the problem of steady forced 
convection boundary layer flow past a horizontal circular 
cylinder embedded in porous media filled with nanofluid 
whereas the water based nanofluid containing three different 
types of nanoparticles: copper (Cu), alumina (Al2O3) and 
titania (TiO2). The objective of this paper is to study the 
influence of nanoparticle volume fraction and curvature 
parameters to the thermal characteristics in three different 
types of nanofluid. To the authors’ present knowledge, this 
study has not been conducted earlier in literature and it is 
hoped that the results obtained will contribute towards better 
understanding about the thermal characteristics in nanofluid.  
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II. MATHEMATICAL ANALYSIS 
Consider the steady, axisymmetric boundary layer flow 

along a horizontal circular cylinder of radius a which is 
embedded in a porous medium filled with nanofluids.  It is 
assumed that the velocity of the outer (potential) flow ( )eu x  
and the surface temperature ( )wT x  are of the form 

0( ) ( / )eu x U x a=  and 0( ) ( / )wT x T T x a∞= +  respectively, where   

0U  and 0T  are constants with 0 0U >  and 0 0T >  (heated 
cylinder). The physical situation and coordinate system of the 
problem considered is shown in Fig. 1. 

 

 
 

Fig. 1 Physical situation and coordinate system 
 
Under these assumptions and based on Darcy’s law, 

following [1] and along with the Boussinesq and boundary 
layer approximations, together with using the nanofluid model 
proposed by [15], the basic equations are 
 

( ) ( ) 0r u r v
x r

∂ ∂
+ =

∂ ∂
                                                          (1) 

( )0u U x a=                                  (2) 

nfT T Tu v r
x r r r r

α  ∂ ∂ ∂ ∂
+ =  

∂ ∂ ∂ ∂ 
                (3) 

subject to the boundary conditions 
 

00, ( ) ( / ) at
as

wv T T x T T x a r a
T T r

∞

∞

= = = + =

= → ∞
           (4) 

 
Here x and r are the cylindrical coordinates measured along 

the axis of the cylinder and normal to the surface of the 
cylinder in the radial direction respectively,  u and  v  are the 
velocity components along x  and r  axes, respectively, T  is 
the temperature of the nanofluid, ϕ  is the nanoparticle volume 
fraction, fβ  and sβ  are the coefficients of thermal expansion 
of the fluid and of the solid, respectively, fρ  and sρ  are the 
densities of the fluid and of the solid fractions, respectively, 

nfµ  is the viscosity of the nanofluid and nfα  is the thermal 
diffusivity of the nanofluid, which are given by 

f nf
nf nf nf f2.5

p nf

nf s f f s

f s f f s

, , ( ) (1 )( ) ( )
(1- ) ( C )

( 2 ) 2 ( )
( 2 ) ( )

p p p s
k C C C

k k k k k
k k k k k

µµ α ρ ϕ ρ ϕ ρ
ϕ ρ

ϕ
ϕ

= = = − +

+ − −
=

+ + −

         (5) 

 
where fµ  is the dynamic viscosity of the base fluid and its 
expression has been proposed by [19], nfk  is the thermal 
conductivity of the nanofluid, fk  and sk  are the thermal 
conductivities of the base fluid and of the solid, respectively, 
and nf( )pCρ  is the heat capacitance of the fluid nanofluid. It is 
worth mentioning that the expressions (5) are restricted to 
spherical nanoparticles where it does not account for other 
shapes of nanoparticles. Equations (5) were also used by [15], 
[17] and [18]. 

Equations (1) – (3) can be transformed into the 
corresponding ordinary differential equations by the following 
transformation (see [20])  
 

( )
1/ 22 2 1/ 20 f

0
f

, 2 ( ), ( )
2 2 f

w

r a U T TU a x f
a a T T

αη ψ α η θ η
α

∞

∞

− − = = =  − 
    (6) 

 
where ψ  is the stream function, which is defined as 

1 /u r rψ−= ∂ ∂  and 1 /v r xψ−= − ∂ ∂ . Using (6), Eqs. (2) and (3) 
reduce to the following ordinary differential equations 
 

1f ′ =                          (7) 

[ ]nf f

f

/ (1 2 ) '' 2 ' 2 ' 2 ' 0
(1 ) ( ) / ( )p s p

k k f f
C C

γ η θ γ θ θ θ
φ φ ρ ρ

+ + + − =
− +
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subject to the boundary conditions 
 

(0) 0, (0) 1
( ) 0 as

f θ
θ η η

= =
→ → ∞

                  (9) 

 
Here prime denotes differentiation with respect to η , and 

the constants γ  is the curvature parameter, which are defined 
by 

1/ 2

0

f

U a
α

γ
 

=  
 

                    (10) 

 
Integrating Eq. (7) subject to boundary conditions (9) yields 
 

( )f η η=                          (11) 
 
Substituting Eq. (7) and Eq. (11) into Eq. (8) and applying 

boundary condition (9) gives  
    

[ ]nf f

f

/ (1 2 ) 2 2 2 0
(1 ) ( ) / ( )p s p

k k
C C

γ η θ γ θ ηθ θ
φ φ ρ ρ

′′ ′ ′+ + + − =
− +

   (12) 

 
with corresponding boundary conditions 
 

(0) 1
( ) 0 as

θ
θ η η

=
→ → ∞

                    (13) 
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The physical quantity of interest is the local Nusselt number 
xNu , which is defined as 

 

( )
w

x
f w

x qNu
k T T∞

=
−

                     (14) 

 
where the heat transfer from the cylinder wq  are given by  
 

w nf
r a

Tq k
r

=

 ∂
= −  ∂ 

                     (15)  

 
Using the similarity variables (6), we get 
 

1/ 2( / 2) '(0)nf
x x

f

k
Pe Nu

k
θ− = −                                               (16) 

 
where f( ) /x ePe u x x α=  is the local Péclet number. 

III. METHOD OF SOLUTION 
The boundary value problem of Eq. (12) subject to 

boundary conditions (13) is solved via shooting technique by 
converting it into an equivalent initial value problem. 
Therefore, we set 
 

nf f

f

/,     (1 2 ) 2 2 2 0
(1 ) ( ) / ( )p p p p

p s p

k k
C C

θ θ γ η θ γ θ ηθ θ
φ φ ρ ρ

 ′′ = + + + − =  − +
  (17) 

 
with the boundary conditions 
 

(0) 1,     (0)pθ θ β= =                  (18) 
 
In order to integrate Eq. (17) as an initial value problem, we 

require a value for  (0)pθ  i.e. (0)θ′  . Since this value is not 
given in the boundary conditions (18), a suitable guess values 
for (0)θ′   are made and integration is carried out. Then, we 
compare the calculated values for ( )θ η   at  η∞  with the given 
boundary conditions ( ) 0θ η∞ =   and adjust the estimated 
values,  (0)θ′  and η∞  to give a better approximation for the 
solution. This computation is done with the aid of shootlib 
function in Maple software.  

IV. RESULTS AND DISCUSSION 
The numerical computations using shooting method with 

the aid of shootlib function in Maple software have been 
carried out and results are reported for three different types of 
nanofluids, viz.: copper-water, alumina-water and titania-
water as working fluids with different value of nanoparticle 
volume fraction φ  and curvature γ  parameters. It is worth to 
highlight that following [15], the values of φ  considered 
are 0 0.2φ≤ ≤ . Therefore, we chose φ  = 0.0 (regular fluid), 
0.05, 0.1 and 0.2. The thermophysical properties of fluid and 
nanoparticles is given in Table 1.  

In Table 2, the results of local Nusselt number 
[ ]( ) '(0)nf fk k θ−  are presented for the chosen values of φ  

and γ . Further, to give a physical insight, the results in Table 
2 are plotted in Fig. 2. From both Table 2 and Fig. 2, it is clear 
that, the inclusion of nanoparticle i.e. copper, alumina and 
titania respectively with 0 0.2φ< ≤  can enhance heat transfer 
behaviour compare to regular fluid ( 0φ = ) and it becomes 
more pronounced with the increase of the nanoparticle volume 
fraction. It is also clear that local Nusselt number for cylinder 
( 0γ ≠ ) is higher compare to flat plate (γ  = 0) and it 
continues to increase with increasing curvature parameter γ . 
The difference in local Nusselt number for three different 
nanoparticles can be obviously observed for higher curvature 
parameter γ . It is found that for every curvature γ  and 
nanoparticle volume fraction φ  parameters chosen, copper 
gives the highest Nusselt number followed by alumina and 
titania. This is due to copper has the highest thermal 
conductivity among them as can be seen in Table 1.  

Moreover, in Fig. 3 temperature profiles for titania-water 
working fluid are depicted. This is to show how the mixture of 
nanoparticle with the base fluid alters the temperature 
characteristics compare to the base fluid alone. It is clear that 
for every curvature parameter γ , the presence of titania 
nanoparticle in the base fluid (denoted by dash line) increase 
the temperature profile compare to the base fluid alone 
(denoted by solid line). As happened in local Nusselt number, 
temperature profiles for cylinder ( 0γ ≠ ) is higher compare to 
flat plate ( 0γ = ) and for cylinder itself, the temperature 
increases with increasing curvature parameter γ . 

Finally, Fig. 4 illustrates the temperature profiles for three 
different nanofluid when φ  = 0.2. Among the three different 
nanofluid considered, for both 3γ =  and 10γ = , titania-
water working fluid has the smallest temperature profile 
whilst copper-water and alumina-water working fluid, 
respectively has almost the same temperature profiles where 
both overlap with one another. Therefore, in Fig. 4, although 
there actually three curves exist for each curvature parameter 

3γ =  and 10γ = , but it is seen only two curves appear for 
3γ =  and 10γ =  respectively. This is because the curves 

representing copper-water and alumina-water working fluid 
are redundant. 
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V. CONCLUSIONS 
In this paper, we have numerically studied the problem of 

forced convection boundary layer flow along an axisymmetric 
horizontal circular cylinder embedded in porous medium filled 
with nanofluid. The governing boundary layer equations have 
been transformed to ordinary differential equations using 
similarity transformation. The resulting similarity equations 
have been solved using shooting method. The influence of 
different types of nanoparticle (copper, alumina and titania), 
nanoparticle volume fraction and the curvature parameter on 
the heat transfer characteristics have been examined. These 
characteristics are showed by the values of the local Nusselt 
number and temperature profiles. From this study, we could 
draw the following conclusions: 

• The presence of nanoparticle in the base fluid enhances 
the heat transfer rate and temperature profiles.  

• For all types of nanofluid that have been considered, i.e. 
copper-water, alumina-water and titania-water, the heat 
transfer rate increases with increasing nanoparticle volume 
fraction parameter   and curvature parameter . 

• For every curvature parameter considered, copper-water 
working fluid has the highest heat transfer rate followed by 
alumina-water and titania-water working fluid. 

• The inclusion of copper and alumina nanoparticles, 
respectively, into the base fluid gives almost the same 
temperature profiles and they are higher compare to the 
temperature profiles for the suspension of alumina in the base 
fluid.  

 
 

 
Fig. 2 Variation of the local Nusselt number with φ  for different  

values of the curvature parameter γ . 

TABLE I 
THERMOPHYSICAL PROPERTIES OF FLUID AND NANOPARTICLES (SEE [15]). 

 
 

Physical  
properties 

 
 
 

Fluid phase 
(water) 

copper alumina titania 

(J/kg K)pC  4179 385 765 686.2 

3(kg/m )ρ  997.1 8933 3970 4250 

(W/mK)k  0.613 400 40 8.9538 

 
 
 
 

TABLE II 
LOCAL NUSSELT NUMBER OF NANOFLUIDS FOR DIFFERENT NANOPARTICLE 

VOLUME FRACTION AND CURVATURE PARAMETER 
 
 

 
[ ]'(0)nf

f

k
k

θ−  

γ  φ  copper alumina titania 

0 0.0 

0.05 

0.1 

0.2 

1.7725 

1.8983 

2.0274 

2.3006 

1.7725 

1.8882 

2.0062 

2.2532 

1.7725 

1.8684 

1.9655 

2.1655 

1 0.0 

0.05 

0.1 

0.2 

2.2117 

2.4040 

2.6063 

3.0513 

2.2117 

2.3910 

2.5788 

2.9880 

2.2117 

2.3618 

2.5174 

2.8502 

3 0.0 

0.05 

0.1 

0.2 

2.9650 

3.2649 

3.5844 

4.2962 

2.9650 

3.2471 

3.5461 

4.2067 

2.9650 

3.2025 

3.4515 

3.9913 

10 0.0 

0.05 

0.1 

0.2 

5.1114 

5.7038 

6.3376 

7.7525 

5.1114 

5.6723 

6.2693 

7.5903 

5.1114 

5.5858 

6.0854 

7.1704 
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Fig. 3 Temperature profiles for TiO2 with different curvature 

parameter γ . 
 
 
 

 
 
Fig. 4 Temperature profiles for three different types of nanofluids  

with φ = 0.2 and γ = 3 and 10. 
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Abstract—The flow shop scheduling problem has become one of 

the most intensively investigated topics in scheduling theory. In this 
paper, we propose improved branch-and-bound-based lower bounds 
by taking advantage of the  interdependence of the relaxed sub-
problems. The proposed approach is assessed on two flow shop 
variants, namely the makespan minimization problem and the total 
completion time minimization problem. Preliminary computational 
experiments provide promising results of our improved bounds with 
respect to their basic versions. 
 

Keywords—Branch-and-Bound, completion time, flow shop, 
lower bounds, makespan, scheduling.  

I. INTRODUCTION 
HE flow shop scheduling problem is one of the hardest 
combinational optimization problems.It can be described 

as follows: A set J of n jobs, available at time zero, has to be 
processed in a shop with m machines. Each job is processed 
on machines M1, M2, …, Mm in that order. No machine can 
process more than one job at a time and no job preemptions 
are allowed. The schedule with the same job ordering on every 
machine is called a permutation schedule. The goal is to find a 
sequence of jobs that minimizes some criterion. Most attention 
has been devoted to makespan and/or total completion time 
minimization. The practical implications of both criteria are 
obvious: minimization of the makespan leads to the 
minimization of the total production run, and minimization of 
the total completion time leads to the rapid turn-around of jobs 
[16]. 

The objective of this paper is to propose new lower bounds 
for two variants of the permutation flow shop problem, 
namely the makespan minimization problem (F|prmu|Cmax), 
and the total completion time minimization problem 
(F|prmu|∑C j). Both variants have been proved NP-hard if the 
number of machines is greater than two [5]. Many efforts have 
been developed to obtain optimal or near-optimal sequences, 
including dynamic programming [9], integer linear 
programming [2,24], branch-and-bound algorithms 
[1,3,8,11,12,15,17,21], and heuristics [7,18,22,23,27]. 

The remainder of the paper is structured as follows. Section 
II describes the framework of our proposed lower bound. 
Section III provides the results of our computational study.  
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II. FRAMEWORK OF THE PROPOSED LOWER BOUND 
The quality of the lower bound is one of the most critical 

components of any branch and bound algorithm. Several lower 
bounds have been proposed in the literature for the m-machine 
permutation flow shop problem. The basic idea is to compute 
lower bounds by relaxing in different ways the constraints of 
this problem.  

Firstly, our bounding scheme is based on the fact that if 
infeasibility can be stated for a relaxed problem, then it can be 
obviously deduced for the original one. The main steps of our 
procedure can be therefore described as follows: 
 
Step 1: 

Transform the m-machine permutation flow shop 
problem into K sub-problems. Let T denote a valid 
starting lower bound. Set k = 1. 

Step 2: 
Solve the feasibility sub-problem Pk using a branch-
and-bound algorithm. 
If there is no feasible solution with objective value less 

  than or equal to T 
Then Set T = T + 1and Go to Step 2. 
Else  
 If k < K, then Set k = k + 1 and Go to Step 2. 
 Else Stop and Return T. 

 
Actually, the best performing lower bounds of the literature 

are those based on solving the relaxed sub-problems using 
branch-and-bound procedures. However, a major weakness of 
these lower bounds consists in assuming the sub-problems as 
totally independent from each others. Our main contribution is 
to take advantage of the inter-dependence of the sub-
problems. Indeed, if a sub-sequence of the search tree is 
proven not to yield feasibility for sub-problem Pk, then it will 
not yield any feasibility for the original problem. Therefore, 
there is no need to explore this sub-sequence for any other 
sub-problem. For that purpose, in case of feasibility, the 
search tree that has been developed for Pk is stored and 
transferred to Pk+1 to start with. In this way, all efforts that 
have been made in pruning unpromising nodes will be saved. 
An immediate result is that some potentially feasible solutions 
for Pk+1 would not be feasible any more since they have been 
eliminated during the tree search of previous sub-problems.   
Consequently, the value of the lower bound will be increased. 
A new search tree is only created if the addressed sub-problem 
is proven to be infeasible. 

In the following, we provide the details of the branch-and-
bound algorithm that is implemented in Step2. 
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